The Fermi liquid theory may provide a good description of the thermodynamic properties of an interacting particle system when the interaction between the particles contributes to the total energy of the system with a quantity which may depend on the total particle number, but does not depend on the temperature. In such a situation, the ideal part of the Hamiltonian, i.e. the energy of the system without the interaction energy, also provides a good description of the system's thermodynamics.
I. INTRODUCTION
In the Fermi liquid theory (FLT) [1] a system of interacting bosons or fermions is described as a gas of quasiparticles. The population of the quasiparticle states has the expression of the ideal Bose or Fermi population (depending on the type of particles that are in the system) if the quasiparticle energy,ǫ L , is defined as the variation of the total energy of the system with respect to the population of the quasiparticle state.
If the system is not trivial, the sum of the energies of the quasiparticles is not equal to the total energy of the system and since the quasiparticle energies also depend on the occupation of the quasiparticle states, the thermodynamic properties of the quasiparticle gas may neither be similar to those of an ideal particle gas, nor to the thermodynamic properties of the original system. In such a case, the ideal gas characteristics of the interacting particle system, conjectured based on an idealized quasiparticle model (e.g. the textbook result that C V ∝ T in the low temperature limit [1] ) is not rigorously justified.
In this paper I propose a method to describe the FLT system as an ideal gas of fractional exclusion statistics (FES) particles [2] . For this I redefine the quasiparticle energies such that the total energy of the system equals the energy of the quasiparticle gas, ensuring in this way that the thermodynamic properties of the system are identical to the thermodynamic properties of the quasiparticle gas. Moreover, in this method the quasiparticle energies do not depend on the occupations of the quasiparticle states and therefore the gas is ideal, unlike Landau's quasiparticle gas.
The FES has been applied before to FLT type of systems, but with equally spaced free-particle energy levels, ǫ i , and the particle-particle interaction described in the mean field approximation -i.e. ij V ij n i n j /2 ≡ V N (N − 1)/2 [3] [4] [5] [6] [7] [8] . Other types of closely related systems to which FES has been applied are the Bose and Fermi gases described in the thermodynamic Bethe ansatz [9] [10] [11] [12] [13] [14] [15] and spin chains [16, 17] The systems of equal and constant DOS (i.e. equally spaced free-particle energy levels) described in the meanfield approximation are all thermodynamically equivalent (i.e. they all have the same heat capacity and entropy for any temperature and particle number), no matter if the particles are bosons, fermions, or obey FES of constant, diagonal FES parameters [18] . Therefore the FES is not a necessary tool for such systems.
The FES has been applied to systems of any DOS and general type of interaction in Ref. [19, 20] and this provides the method for describing systems of interacting particles as ideal gases that I shall use in this paper.
The paper is organized as follows. In Section II I present briefly the basics of FLT, to specify the notations. In Section III I show the limitations of the Landau's quasiparticle model in the description of the interacting particle system. In Section IV I introduce the description of the system based on the ideal FES gas.
II. BASICS QUANTITIES OF FLT
In the FLT the system is described by the general energy functional [1] ,
where the subscripts i and j represent single-particle quantum numbers, n i , n j , are occupation numbers, whereas V ij is a phenomenological term which describes the particle-particle interaction. For concreteness I discuss only fermions. Then the grandcanonical partition function is
and the (average) populations, denoted by f i , are obtained by imposing the maximization condition, ∂Z({f j })/∂f i = 0. This gives
wherẽ
is the Landau's quasiparticle energy. I use the typical notation, β = 1/(k B T ), where T is the temperature and k B is the Boltzmann's constant. At equilibrium, the internal energy, the total particle number and the entropy of the system are
and
respectively.
III. THERMODYNAMICS IN THE FLT A. Internal energy difference
In what follows I shall call the Landau's gas (LG) a gas of quasiparticles of energiesǫ L i (4) and of total energy
I shall say that one can use the LG model to calculate the thermodynamic properties of the original system if the two of them are thermodynamically equiv-
, then the gas of noninteracting particles, of total energy
is also thermodynamically equivalent with both, the original gas and the LG:
where
This is a typical case of system described in the mean field approximation, in which the interaction energy -dependent on N -contributes only as a background energy.
If all the three systems are equivalent -Eqs. (10) is satisfied -then the application of the FLT is trivial and not necessary; one should better work with the ideal gas, to which the background interaction energy should be added.
Reversely, if we assume by reductio ad absurdum that
, we obtain a contradiction with Eq. (10) . Therefore either the thermodynamics is determined by the ideal particle description and the application of the FLT is trivial or it gives a wrong result and therefore there U L (T, µ) should not be used for thermodynamics calculations.
B. The heat capacity of the FLT gas
In general, the heat capacity of a quasiparticle gas, like the LG, is not that of an ideal Fermi gas due to the dependence of the quasiparticle energies on the populations of the single-particle states.
The heat capacity of any system may be calculated by either of the formulas
(11b) where S is the entropy of the system.
For an ideal Fermi gas,
In the continuous limit I introduce the density of states (DOS), σ(ǫ), and, if we assume that σ(ǫ)
Li n (x) is the polylogarithmic function [21, 22] . Using the asymptotic expansions,
one obtains the standard low T result,
where µ = ǫ F is the Fermi energy.
The same results, (13c) and (15) , are obtained if one starts from Eq. (11b).
Equation (15) is valid for any DOS, as long as σ(ǫ) is finite and continuous at ǫ F [23] .
We should also note here that in general C (id) V = (∂U id /∂T ) µ even in the low temperature limit. As we can immediately check from Eqs. (13c) and (14) , C (id) V = (∂U id /∂T ) µ is valid only when s = 0, or, for a more general DOS, when σ(ǫ) is constant in a finite interval around ǫ F , but which is large enough as compared to k B T .
I showed in the previous section that C L V = C V , except in trivial cases, therefore Eq. (11a), with U replaced by U L , cannot be used to calculate C V . Moreover, even if one would (wrongly) conjecture that C L V = C V , Eq. (13c) would not be valid becauseǫ L are not constantthey depend on T and µ through f i (T, µ) (4) -and we have ∂U
Therefore, based on U L one cannot infer anything rigorously, on general grounds, about the low temperature expression of C V .
Another possibility is to employ Eq. (11b) [24] , since the expression of the entropy of the quasiparticle gas, say S L , is identical to the one of an ideal gas, namely
But this method does not lead to Eq. (15) either, as we shall see now. From Eq. (4) I get
and therefore
are the ideal gas expressions. Combining Eqs. (18) and (19) I obtain the systems of equations for ∂f i (T, µ)/∂(k B T ) and ∂f i (T, µ)/∂µ,
(21b) If the summations in Eqs. (21) are equal to zero, we reobtain the ideal gas results (20) , which, if plugged into Eqs. (12b) and (12c) lead, through Eq. (11b), to the low temperature expression (13c). But this seems to be a very special case and in general the quasiparticle gas cannot be employed to calculate the contribution of the interaction terms to the thermodynamic properties of the system, especially to the calculation of the low temperature expression of C V .
IV. THE IDEAL FES GAS
The method by which one can describe as an ideal gas the general interacting particle system of energy given by Eq. (1) is provided by the FES.
For this I redefine the quasiparticle energies in such a way that the gas of quasiparticles is thermodynamically equivalent with the interacting particle gas at any temperature, the energies of the quasiparticles do not depend on the occupation of the other quasiparticle levels and, as a consequence, the population of one quasiparticle level does not depend on the populations of the other quasiparticle levels.
For the simplicity of the presentation, let's assume that the single particle quantum numbers, i, are the singleparticle energies, ǫ i , of the free fermions and ǫ i ≤ ǫ j if i < j. The quasiparticle energies are [19, 20] 
which satisfy identically
In the continuous limit I introduce the free particles DOS, σ(ǫ), and the quasiparticle DOS,σ(ǫ). Like in Ref. [19, 20] , I assume that the functionǫ(ǫ) is bijective, so I can freely inverse it -ǫ(ǫ). Equation (22) becomes
In Eqs. (22) and (24)ǫ depends on the populations n j and n(ǫ ′ ), respectively, so apparently they do not represent the energies of ideal particles. To view them ideal particles, we must change our perspective. We viewǫ as the physical energy and ǫ as a function of the quasiparticle energy and the populations. This is illustrated in Fig. 1 , where a particle is introduced betweenǫ 1 andǫ 2 , or, equivalently, between ǫ 1 and ǫ 2 . This changes the energies ǫ 2 , ǫ 3 and ǫ 4 into ǫ To calculate the partition function of the system I coarse-grain theǫ axis into the intervals [ǫ i ,ǫ i+1 ), particles (see Fig. 1 ). These intervals are our species of particles. At the insertion of particles into one of the species, say at energy ǫ I , all the species along the ǫ axis, above ǫ I , change, producing a change of the numbers of states, G i , as represented in Fig. 1 . This change of G i gives rise to FES [8, 19, 20] .
The FES parameters were calculated in [19, 20] and are
where ǫ > ǫ I and δǫ is the dimension of the species along the ǫ axis (e.g. δǫ = ǫ i+1 − ǫ i ). The function f (ǫ,ǫ I ) is determined by the variation of ǫ at the insertion of a particle at energy ǫ I < ǫ, written as the functional derivative, δǫ/δρ(ǫ I ),
ρ(ǫ I ) being the density of particles along the ǫ axis, at ǫ I .
If ǫ = ǫ I , i.e. the particle is inserted into the species where the FES parameter is calculated, theñ
Once the FES parameters are known, all the thermodynamics follows by the established procedure [9, [25] [26] [27] [28] [29] .
Therefore the gas of quasiparticles, with the quasiparticle energies given by (22) and the FES parameters (25) is an ideal gas, of total energy equal to the energy of the original interacting particle system and therefore with identical thermodynamic properties.
V. CONCLUSIONS
I analyzed the thermodynamic properties of an interacting particle system described in the Fermi liquid theory (FLT). The Landau's quasiparticles may provide a good description of the thermodynamic properties of the system only in the mean field approximation, i.e. when the interaction between the particles contribute to the total energy of the system by a quantity that depends only on the total particle number and not on the temperature. In such a situation the thermodynamics of the system is well described by the ideal particle part of the Hamiltonian.
If the interaction between particles contribute with a temperature dependend term to the total energy of the system, then the gas of Landau's quasiparticles do not provide an accurate description of the thermal properties of the system. For this situation I introduce another set of quasiparticles. In the new description the total energy of the system is identical to the energy of the quasiparticle system and therefore the thermodynamic quantities of the two systems are also identical.
The new quasiparticles are ideal and obey fractional exclusion statistics.
I consider that the fractional exclusion statistics is the paradigm in which systems of interacting particles can be described as ideal gases.
